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ABSTRACT: Neutron stars provide a unique environment for investigating the thermodynamic properties of matter 
under extremely high baryon densities and finite-temperature conditions. In the present study, a theoretical and 
computational framework is developed to investigate the coupled density- and temperature-dependent behavior of 
neutron-star matter and its consequences for macroscopic stellar structure. The Helmholtz free energy per baryon is 
adopted as the fundamental thermodynamic quantity, from which pressure, entropy, internal energy, chemical potential, 
and energy density are obtained in a thermodynamically consistent manner. The resulting finite-temperature equation of 
state is evaluated over a range of baryon densities and temperatures, and its influence on the pressure–density and 
energy-density relations is examined. The results show that pressure increases monotonically with baryon density and 
that thermal contributions become increasingly significant at higher densities. The total energy density also increases 
strongly with density, reflecting the increasing contribution of rest-mass and internal energy in highly compressed 
matter. The resulting equation of state is subsequently incorporated into the Tolman–Oppenheimer–Volkoff equations 
to obtain neutron-star mass–radius configurations. The calculated mass–radius relation exhibits an initial increase in 
radius with stellar mass, followed by a nearly constant-radius region and a slight decrease at the highest-mass 
configurations considered, indicating increasing stellar compactness. The sound-speed behavior is also examined as a 
consistency check through the causality constraint. Overall, the study establishes a unified connection between finite-
temperature thermodynamics, the equation of state, and the macroscopic structure of neutron stars, providing a 
theoretical framework for investigating hot and dynamically evolving compact-star systems.  
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I. INTRODUCTION 

 
Neutron stars are among the most compact and extreme astrophysical objects in the Universe, formed primarily as the 
remnants of massive stars following gravitational collapse. Their interiors contain matter at densities comparable to or 
several times higher than the saturation density of nuclear matter, where conventional descriptions of matter under 
terrestrial conditions are no longer applicable. The enormous density, strong gravitational field, and, in several 
astrophysical environments, elevated temperature make neutron stars natural laboratories for investigating strongly 
interacting matter under extreme conditions. The macroscopic structure of a neutron star, including its mass and radius, 
is closely related to the microscopic properties of dense neutron-rich matter through the equation of state (EOS). Recent 
electromagnetic and gravitational-wave observations have provided increasingly important constraints on neutron-star 
structure and the dense-matter EOS; nevertheless, constraining the EOS consistently over the broad density range 
relevant to neutron-star interiors remains a significant theoretical challenge[1–3]. 
 
Thermodynamic properties play a fundamental role in determining the behavior of dense matter inside neutron stars. 
Pressure, energy density, entropy, chemical potential, and free energy depend on the density, temperature, and 
microscopic composition of the matter and collectively determine its thermodynamic state. Although cold and 
catalyzed matter provides an appropriate approximation for many mature neutron stars, finite-temperature effects 
become important in newly formed proto-neutron stars, core-collapse supernovae, and neutron-star merger remnants. 
Recent finite-temperature studies have demonstrated that temperature can modify the equation of state and 
consequently influence the mass-radius relation and other macroscopic properties of neutron stars [4–6]. 
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The equation of state provides the essential connection between the microscopic thermodynamic properties of dense 
matter and the macroscopic structure of a neutron star. Different theoretical descriptions of dense matter can produce 
substantially different pressure-density relations and, consequently, different predictions for stellar properties. Recent 
investigations have therefore considered a wide range of EOS frameworks, including relativistic mean-field, 
microscopic, and unified hadron-quark approaches, while incorporating nuclear-physics and astrophysical constraints 
[2,3,7]. Despite these advances, the thermodynamic response of neutron-star matter over a broad range of density and 
finite temperature remains model dependent, and a systematic connection between the temperature-dependent 
thermodynamic quantities and the resulting stellar structure remains an important area of investigation. 
 

Research Gap 

Most existing studies have primarily focused on developing or constraining specific equations of state, investigating 
nuclear interactions, or examining selected astrophysical observables such as neutron-star masses, radii, tidal 
deformabilities, and oscillation properties. Finite-temperature EOS calculations are also increasingly available, 
particularly for proto-neutron stars and merger remnants. However, there remains scope for a systematic 
thermodynamic analysis in which the simultaneous dependence of fundamental quantities such as pressure, energy 
density, entropy, and free energy on both density and temperature is examined within a consistent computational 
framework, followed by an assessment of how these thermodynamic changes influence the macroscopic mass-radius 
properties of neutron stars. This provides the specific motivation for the present investigation[2,4–6]. 
 

Novelty and Objective of the Present Study 

The present work develops a theoretical and computational framework to investigate the coupled density- and 
temperature-dependent thermodynamic behavior of neutron-star matter. Instead of considering a single thermodynamic 
quantity or only the zero-temperature limit, the study systematically evaluates pressure, energy density, entropy, and 
free energy over a prescribed range of density and finite temperatures. The temperature-dependent equation of state 
obtained from the analysis is subsequently used to examine its consequences for neutron-star structure through the 
mass-radius relation. In addition, the relative variation of the thermodynamic quantities with temperature and density is 
evaluated to identify the regimes in which finite-temperature effects become significant. Thus, the principal 
contribution of this study is a unified analysis connecting microscopic thermodynamic behavior with macroscopic 
neutron-star properties within a single computational framework. 
The results are expected to provide useful insight into the thermodynamic response of dense neutron-star matter under 
conditions relevant to hot and dynamically evolving astrophysical objects. The study may therefore contribute to a 
clearer understanding of how finite temperature modifies the equation of state and the associated structural properties 
of neutron stars. 
 

II. THEORETICAL MODEL AND MATHEMATICAL FORMULATION 

 
Neutron-star matter exists under conditions of extremely high baryon density and, in several astrophysical 
environments, finite temperature. To investigate its thermodynamic behavior, a thermodynamically consistent 
framework is required in which the principal quantities are derived from a common thermodynamic potential. In the 
present study, the Helmholtz free energy per baryon is adopted as the fundamental thermodynamic quantity[8-9]. The 
pressure, entropy, internal energy, chemical potential, and energy density are subsequently obtained from its density 
and temperature dependence. The resulting equation of state is then used to investigate the macroscopic structure of 
neutron stars. 
 
2.1. Thermodynamic Framework 

The Helmholtz free energy of a system containing (N) baryons at temperature (T) and volume (V) is given by[1] 
 

F = E- TS                                 (1) 
  
where (E) is the internal energy and (S) is the entropy. The baryon number density is defined as 
 

n= 
𝑁𝑉                                         (2) 

 
Where, N is the net number of baryons and V is the volume. 
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It is convenient to express the thermodynamic potential in terms of the free energy per baryon,            
 

                                  𝑓(𝑛, 𝑡) =  𝐹𝑁              (3) 

 
The entropy per baryon is obtained from the temperature derivative of the free energy[2] 
 

                              𝑆 =  −(𝜕𝑓𝜕𝑇)nB                       (4) 

 
Where, S  is the entropy per baryon, f  is the free energy density, T is the temperature & nB is the baryon number 
density (held constant during differentiation) 
 
The pressure is obtained from the density derivative of the free energy per baryon: 
 

                 𝑃 =  𝑛2(𝜕𝑓𝜕𝑛)T                  (5) 

 

Where P is the pressure of the system & (𝜕𝑓𝜕𝑛)T  is the The partial derivative of the free energy per baryon with respect to 

density, evaluated at a constant temperature T. 
 
The internal energy per baryon is 
 

                   e = f + TS               (6) 
 
and hence the total energy density is [10] 
 

        ε = n [ f(n,T) + T𝑆𝑁 ]               (7) 

 
The chemical potential is given by 
 

          μ = f(n,T) + 
𝑃(𝑛,𝑇)𝑛                  (8) 

 

Where f(n,T) the Helmholtz free energy per baryon &  
𝑃(𝑛,𝑇)𝑛  is the pressure of the system which depends upon density 

and temperature per unit baryon number density. 
 
These equations provide a thermodynamically consistent relationship among the principal properties of the neutron-star 
matter. 
 

2.2 Finite-Temperature Model 

To investigate the thermodynamic behaviour of neutron-star matter under non-zero temperature, the free energy per 
baryon is expressed as the sum of cold-matter and thermal contributions[11]: 
 

    f (n,T) = fo(n) + fth(n,T)              (9) 
 
where f(n,T)) is the total free energy per baryon,  fo(n) represents the zero-temperature or cold-matter contribution, 
fth(n,T)  denotes the temperature-dependent thermal contribution. Here, (n) is the baryon number density and (T) is the 
temperature. The cold-matter term describes the density-dependent properties of highly compressed nuclear matter, 
including the effects of nuclear interactions and Fermi degeneracy. The thermal term accounts for the additional 
excitation of particles at finite temperature. Since neutron-star matter is generally strongly degenerate, the thermal 
contribution is expected to remain comparatively small at low temperatures but becomes increasingly important as the 
temperature rises. 
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This formulation provides a thermodynamically consistent basis for calculating the pressure, energy density, entropy, 
and chemical potential of neutron-star matter. The resulting thermodynamic quantities are then used to construct the 
equation of state and examine its dependence on density and temperature.  
 

2.3 Equation of State 

The equation of state (EOS) establishes the thermodynamic relationship between pressure, energy density, baryon 
number density, and temperature in neutron-star matter. In the present study, the EOS is represented in the general 
form[12] 
 

    P = P(n,T)                   (10) 
 
where (P) is the pressure, (n) is the baryon number density, and (T) is the temperature. The pressure is obtained 
consistently from the adopted finite-temperature free-energy model described in Section 2.2. Thus, variations in density 
and temperature directly influence the pressure and, consequently, the macroscopic properties of neutron-star matter. 
 
The resulting pressure–density relation provides the essential input for the stellar-structure calculations. By evaluating 
the EOS at different temperatures, the present study examines how thermal effects modify the stiffness of dense matter. 
A stiffer EOS generally corresponds to a higher pressure at a given density, whereas a softer EOS gives a lower 
pressure. The calculated EOS is subsequently used in the Tolman–Oppenheimer–Volkoff equations to determine the 
mass–radius characteristics of neutron stars. 
 
2.4 Sound Speed and Causality 

The sound speed is an important physical quantity for examining the stability and causal behaviour of dense neutron-
star matter. It describes the propagation of small pressure perturbations through the medium and is determined from the 
variation of pressure with respect to energy density. In the present study, the sound speed is expressed as[11-12] 

 

cs
2 = c2 (

𝜕𝑃𝜕𝜀)s                                           (11) 

 
Where cs is the speed of sound, (c) is the speed of light, (P) is the pressure, ε is the energy density, and the derivative is 
evaluated at constant entropy per baryon. The calculated sound speed provides a useful consistency check on the 
adopted equation of state.  
 
For a physically acceptable relativistic EOS, the propagation of information must not exceed the speed of light[13]. 
Therefore, the condition cs

2 is imposed as the causality constraint. Any violation of this condition would indicate that 
the corresponding EOS becomes acausal within that density–temperature regime. The density and temperature 
dependence of the sound speed is therefore examined to assess the physical consistency of the finite-temperature 
neutron-star matter model[14]. 
 
2.5 Stellar Structure 

The macroscopic structure of a neutron star is determined by the balance between the inward gravitational force and the 
outward pressure of dense matter. For a spherically symmetric, non-rotating neutron star in hydrostatic equilibrium, this 
balance is described by the Mass Continuity equation[15]: 
 

dm
dR

 = 4πr2 εr/c2                                       (12) 

 
Where m is enclosed mass and r is the radial coordinate. 
 

III. COMPUTATIONAL METHODOLOGY 

 
The thermodynamic and structural properties of neutron-star matter were investigated using a numerical computational 
approach based on the finite-temperature free-energy framework described in Section 2. The calculations were 
performed by evaluating the thermodynamic quantities over a prescribed range of baryon number density and 
temperature. For each thermodynamic state, the pressure and energy density were obtained consistently from the 
adopted free-energy model and subsequently used to construct the equation of state[9]. 
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The baryon number density was varied over the density range relevant to the interior of neutron stars, while several 
representative finite temperatures were considered to examine the thermal modification of the equation of state. The 
calculated thermodynamic quantities were stored as numerical datasets and used for generating pressure–density, 
energy-density–density, and sound-speed profiles. Numerical differentiation was employed where required to evaluate 
the density dependence of the EOS and the corresponding sound speed. 
 
For the stellar-structure calculations, the resulting EOS was incorporated into the Mass-Continuity equation. Starting 
from a selected central density, the pressure and enclosed mass were integrated outward from the stellar centre using a 
numerical ordinary differential equation solver. The integration was continued until the pressure decreased to the 
surface boundary condition, from which the stellar radius and gravitational mass were determined. The procedure was 
repeated for different central densities and temperatures to obtain the corresponding mass–radius sequences. 
 
The computational results were then compared across different temperature conditions to identify the influence of 
thermal effects on the pressure, energy density, sound speed, stellar radius, and maximum gravitational mass. All 
numerical calculations and graphical analyses were performed using a Python-based computational framework, 
providing a reproducible procedure for studying the thermodynamic and macroscopic properties of finite-temperature 
neutron-star matter. 
 

IV. RESULTS AND DISCUSSION 

 
The thermodynamic and structural properties of neutron-star matter were investigated using the finite-temperature 
framework described in the preceding sections. The calculations were performed for different baryon number densities 
and temperatures to examine the effects of thermal excitation on the equation of state and macroscopic stellar properties. 
Particular attention was given to the pressure–density relation, energy density, and the resulting mass–radius relation. 
 
4.1 Pressure–density relation 

 

 
 

Figure.1. Pressure as a function of baryon density for nuclear matter at temperatures T=0T=0, 10, 30, and 50 

MeV, with density expressed in units of the nuclear saturation density ρ0=0.16 fm-3. 

 
Figure 1 presents the pressure–density relation of nuclear matter at temperatures of T=0T=0, 10, 30, and 50 MeV, with 
the baryon density expressed in units of the nuclear saturation density ρ0=0.16 fm-3. The pressure exhibits a monotonic 
increase with increasing baryon density for all considered temperatures, with a relatively weak variation in the low-
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density regime and a pronounced rise at densities above approximately 2ρ02\rho_0. This behaviour reflects the 
increasingly strong density dependence of the equation of state, described by the adopted polytropic form P=Kρτ with 
τ=2.7. At a given density, the pressure increases systematically with temperature, following 
P(T=50 MeV)>P(T=30 MeV)>P(T=10 MeV)>P(T=0 MeV)). The temperature-dependent separation becomes more 
evident at higher densities, indicating an enhanced contribution of thermal effects to the total pressure of nuclear matter. 
Thus, the results demonstrate that both baryon density and temperature play important roles in determining the pressure 
and stiffness of the nuclear equation of state, particularly in the high-density regime relevant to compact-star interiors. 
 
4.2 Energy density vs Baryon density 

 

 
 
Figure 2: Variation of total energy density with baryon density, including the rest-mass and polytropic internal-

energy contributions, with the baryon density expressed in units of the nuclear saturation density ρ0 . 

 
Figure 2 shows the variation of total energy density with baryon density, where the baryon density is expressed in units 
of the nuclear saturation density ρo. The energy density includes the rest-mass contribution as well as the polytropic 
internal-energy contribution. 
 
The energy density increases monotonically with increasing baryon density throughout the considered range. At low 
densities, the increase is relatively gradual; however, beyond approximately 2ρo, the energy density rises more rapidly. 
The calculated energy density increases from a small value at 0.1ρo to approximately 900 (in the units used in the 
calculation) at 5ρo. This nonlinear increase is consistent with the adopted density-dependent equation of state and 
reflects the increasing contribution of both the rest-mass energy and internal energy of the compressed nuclear matter. 
 
The progressively steeper behaviour at higher densities indicates that the energetic cost of compressing nuclear matter 
becomes increasingly significant. Such a density dependence of the energy density is important for describing the 
thermodynamic properties of highly compressed matter and provides a fundamental input for the subsequent 
determination of compact-star properties, particularly the pressure–density relation and mass–radius relation. Overall, 
the result demonstrates a strong dependence of the total energy density on baryon density over the investigated range. 
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4.3 Neutron-Star Mass-Radius Relation 

 

 
 

Figure 3: Mass–radius relation of a neutron star obtained by numerically solving the Tolman–Oppenheimer–
Volkoff (TOV) equations for the selected polytropic equation of state (EOS). Each point corresponds to a 

different central pressure. 

 
Figure 3 presents the mass–radius relation of a neutron star, obtained by numerically integrating the Tolman–
Oppenheimer–Volkoff (TOV) equations for the selected equation of state (EOS). Each point on the curve corresponds 
to a different value of the central pressure of the neutron star. 
 
The horizontal axis represents the neutron-star mass in units of solar mass (M.), while the vertical axis represents the 
corresponding stellar radius. At relatively lower masses, the radius increases significantly with increasing mass. This 
indicates that an increase in central pressure allows the star to support a larger amount of matter, resulting in an 
increase in both its mass and radius. As the mass increases further, however, the rate of increase in radius becomes 
progressively smaller and the curve approaches a nearly constant-radius region. This behavior reflects the increasing 
importance of relativistic gravitational effects and the stiffness of the adopted EOS in determining the equilibrium 
structure of the neutron star. 
 
The curve reaches a maximum radius of approximately 2.0 in the plotted scale, after which a slight decrease in radius is 
observed. The flattening and subsequent decrease indicate that the star becomes increasingly compact at higher central 
pressures. Thus, the mass–radius relation demonstrates the balance between gravity, pressure, and the microscopic 
properties of dense matter inside the neutron star. 
 
Overall, the figure shows that the neutron-star structure is strongly dependent on the central pressure and the adopted 
EOS. The TOV solutions therefore provide a direct way to investigate the equilibrium configurations and compactness 
of neutron stars. 
 

V. ASTROPHYSICAL IMPLICATIONS 

 
The results obtained in the present study have important implications for understanding the thermodynamic and 
structural properties of neutron stars. The calculated equation of state demonstrates that both baryon density and 
temperature significantly influence the pressure and energy density of dense nuclear matter. The systematic increase in 
pressure with temperature, particularly at high densities, indicates that thermal effects can become important in 
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astrophysical environments where neutron-star matter is not in the cold, catalyzed limit. Such conditions are relevant to 
newly formed proto-neutron stars, core-collapse supernovae, and neutron-star merger remnants.  
 
The increasing energy density with baryon density reflects the growing energetic cost of compressing nuclear matter to 
extreme densities. Since the pressure–density relation obtained from the present model is used as the input for the TOV 
equations, changes in the thermodynamic properties directly influence the global structure of the neutron star. The 
calculated mass–radius relation shows an initial increase in radius with stellar mass, followed by a nearly constant-
radius region and a slight decrease at the highest-mass configurations considered. This behaviour indicates increasing 
compactness as the central pressure becomes larger and demonstrates the role of the EOS in determining the 
equilibrium structure of neutron stars.  
 
From an astrophysical perspective, the present framework provides a consistent connection between the 
thermodynamic properties of dense matter and observable macroscopic quantities such as stellar mass and radius. The 
temperature-dependent EOS can therefore be useful for investigating the structural evolution of hot compact stars and 
for assessing how thermal contributions modify neutron-star configurations. In addition, the calculated sound speed 
provides a physical consistency check through the causality requirement that the propagation speed of perturbations 
must remain below the speed of light.  
 
Overall, the study highlights that finite-temperature effects, baryon density, and EOS stiffness collectively govern the 
macroscopic behaviour of neutron stars. The results provide a theoretical basis for further investigations of compact-
star structure under hot and dynamically evolving conditions and may contribute to interpreting astrophysical 
constraints on dense nuclear matter.  
 

VI. CONCLUSION 

 
The present study provides a theoretical and computational investigation of the thermodynamic and structural 
properties of neutron-star matter under varying baryon density and finite-temperature conditions. A thermodynamically 
consistent framework based on the Helmholtz free energy per baryon was employed to obtain the pressure, entropy, 
internal energy, chemical potential, and energy density. The resulting equation of state was subsequently used to 
investigate the macroscopic structure of neutron stars through the Tolman–Oppenheimer–Volkoff equations.  
 
The calculated results demonstrate that the pressure and energy density increase systematically with baryon density, 
with a more pronounced variation in the high-density regime. At a given density, the pressure also increases with 
temperature, showing that thermal contributions become increasingly important at higher densities. The energy density 
exhibits a similar strong density dependence, reflecting the increasing contribution of rest-mass and internal energy in 
highly compressed nuclear matter.  
 
The mass–radius calculations further demonstrate that the adopted EOS strongly influences the equilibrium 
configuration of neutron stars. The radius initially increases with increasing stellar mass and subsequently approaches a 
nearly constant value, followed by a slight decrease at the highest-mass configurations considered. This behaviour 
reflects the increasing compactness of the star and the competition between gravitational compression and pressure 
support at high central pressure.  
 
In addition, the sound-speed analysis provides a consistency check on the physical behaviour of the EOS through the 
causality condition. Overall, the study establishes a unified connection between density-, temperature-dependent 

thermodynamics, the equation of state, and macroscopic neutron-star structure. The developed framework can 
provide a useful basis for further investigations of hot and dynamically evolving compact stars, particularly in 
astrophysical environments where finite-temperature effects cannot be neglected.  
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